Abstract. In this paper we study the local cohomology of all finitely generated bigraded modules over a standard bigraded polynomial ring which have only one nonvanishing local cohomology with respect to one of the irrelevant bigraded ideals.
Introduction
Let S = K[x 1 , . . . , x m , y 1 , . . . , y n ] be the standard bigraded polynomial ring over a field K with bigraded irrelevant ideals P generated by all elements of degree (1, 0), and Q generated by all elements of degree (0, 1). In other words, P = (x 1 , . . . , x m ) and Q = (y 1 , . . . , y n ). Let q ∈ Z and M be a finitely generated bigraded S-module such that H i Q (M) = 0 for i = q. Thus grade(Q, M) = cd(Q, M) = q, where cd(Q, M) is the cohomological dimension of M with respect to Q. Our aim is to characterize all finitely generated S-modules which have this property. In this case, we call M to be relative Cohen-Macaulay with respect to Q and call the common number q, relative dimension of M with respect to Q which will be denoted by rdim(Q, M) = q. We observe that ordinary Cohen-Macaulay modules are special cases of our definition. In fact, if we assume that P = 0, then m = 0, and Q = m is the unique graded maximal ideal of S. Therefore depth M = grade(m, M) = cd(m, M) = dim M. We set K[y] = K[y 1 , . . . , y n ]. In Section 1 we show that M is relative Cohen-Macaulay with respect to Q of relative dimension q if and only if M k = j M (k,j) is a finitely generated Cohen-Macaulay K[y]-module of dimension q for all k and this is also equivalent to say that M is Cohen-Macaulay as K[y]-module of dimension q. In Section 2, we set H As a main result of this section, we give a free resolution of H q Q (M) j which has length at most m. In particular, if M is finitely generated bigraded S-module of finite length, then each graded components M j has a free resolution of length m. By using this result we show that the regularity of H q Q (M) j is bounded for all j, i.e., there exists an integer c such that −c ≤ reg H q Q (M) j ≤ c, for all j. The rest of this section is devoted to recall some algebraic properties of H q Q (M) j . In Section 3, we assume that M be a Cohen-Macaulay S-module and show that if M is relative Cohen-Macaualy with respect to Q, then M is relative CohenMacaulay with respect to P and we have rdim(Q, M) + rdim(P, M) = dim M. We deduce that, M is relative Cohen-Macaualy with respect to P or Q if and only if M satisfies to this equation dim(M/P M) + dim(M/QM) = dim M. In the following section we assume that M is relative Cohen-Macaulay with respect to Q. We prove the bigraded version of prime avoidance theorem which gives us a bihomogeneous element z ∈ Q for which M/zM is relative Cohen-Macaulay with respect to Q and relative dimension goes down by 1. As main result of this paper we prove that if M is relative Cohen-Macaulay with respect to Q then the following equality is always true: rdim(Q, M) + cd(P, M) = dim M. By using this result we show that if M is relative Cohen-Macaulay with respect to P , as well, then M must be CohenMacaulay. Some more applications of our main result are considered. Finally, we call M to be maximal relative Cohen-Macaulay with respect to Q if M is relative Cohen-Macaulay with respect to Q such that rdim(Q, M) = dim K[y] = n. We observe that maximal relative Cohen-Macaulay modules with respect to Q are all finitely generated modules for which the sequence y 1 , . . . , y n is an M-sequence, and free modules are the only modules which are maximal relative Cohen-Macaulay with respect to both irrelevant ideals.
On the definition of relative Cohen-Macaulay
Let K be a field and S = K[x 1 , . . . , x m , y 1 , . . . , y n ] be the standard bigraded polynomial ring. In other words, we set deg x i = (1, 0) and deg y j = (0, 1) for all i, j. Let M be a finitely generated bigraded S-module. We set
Then we view M = k∈Z M k as a graded module where each graded component M k itself is a finitely generated graded K[y]-module with grading (M k ) j = M (k,j) for all j. We shall use the following results [10, Lemma 1.
and
We may view M as graded K[y]-module which of course is not finitely generated in general. The module M is called Cohen-Macaulay as K[y]-module if and only if
there is an M-sequence of length n}.
Let R be a positively graded Noetherian ring and M be a graded R-module. We set R + = ⊕ i>0 R i and denote by cd(R + , M) the cohomological dimension of M with respect to R + which is the largest integer i for which H i R + (M) = 0. When M is a finitely generated R-module, by [3, Lemma 3.4 ] one has
Thus if (R 0 , m 0 ) is a local ring, we have
We also denote by grade(R + , M) the grade of M with respect to R + which is the smallest integer i for which H i R + (M) = 0. We also have the following characterization of grade(R + , M),
Thus we see that grade(R + , M) ≤ cd(R + , M) ≤ dim M and if (R, m) is a local ring we have grade(m, M) = depth M and cd(m, M) = dim M.
In the following we give a necessary and sufficient condition for a finitely generated bigraded S-module M which has only one nonvanishing local cohomology. This also generalizes [9, Corollary 4.6]. Proposition 1.1. Let M be a finitely generated bigraded S-module, q ∈ Z and Q = (y 1 , . . . , y n ). Then the following statements are equivalent:
The second equality follows from the fact that H (1) and (2), we have
Now we can make the following definition: Definition 1.2. Let M be a finitely generated bigraded S-module and q ∈ Z. We call M to be relative Cohen-Macaulay with respect to Q if and only if M satisfies in one of the equivalent conditions of Proposition 1.1. For a relative Cohen-Macaulay module M with respect to Q, we define the relative dimension rdim(Q, M) of M to be the number q in Proposition 1.1.
Algebraic invariants of the graded components of H
and consider H q Q (M) j as a finitely generated graded K[x]-module with grading (k,j) . In this section we are going to study the algebraic properties of H q Q (M) j . Let F be a finitely generated bigraded free S-module. So that F = t i=1 S(−a i , −b i ). By using Formula 1 in [8] we obtain
Thus, we may consider H n Q (F ) j as finitely generated graded free K[x]-module. With this observation we prove the following Theorem 2.1. Let M be a finitely generated bigraded S-module which has a free resolution of the form 
Applying the functor H n Q (−) j to the resolution F yields a graded complex of free
This means that we have only one homology throughout of the complex H n Q (F) j . Thus the complex H n Q (F) j breaks to the following exact sequences of
. Combining these two exact sequences and obtain the following free resolution for H q Q (M) j which has length at most m
To complete our proof we only need to show that Ker ψ n−q is free. Here we distinguish two cases: We first assume that q = n. Thus Ker
Now suppose that 0 ≤ q < n. Thus we have the short exact sequence
Hence the sequence is split exact and we have that Ker ψ 1 is a free K[x]-module. We also have the following split exact sequence
-modules. This follows that Ker ψ 2 = Im ψ 3 is free. We proceed the same argument as above and see from the last split exact sequence
As a consequence we give a free resolution for each graded components of any finitely generated bigraded S-module M for which cd(Q, M) = 0. This also includes all finitely generated modules of finite length. 
Proof. The assertion follows from Theorem 2.1 and Remark 2.2.
Let M be a finitely generated graded K[x]-module with graded minimal free resolution
The Castelnuovo-Mumford regularity of M is the invariant
where b i (F) denotes the maximal degree of the generators of F i . In the following we show that if M be a relative Cohen-Macaulay S-module with respect to Q of relative dimension q, then the regularity of H q Q (M) j is bounded for all j. Proposition 2.4. Let M be a finitely generated S-module which is relative CohenMacaulay with respect to Q of relative dimension q.
Proof. By [8, Proposition 2.6] and in view of (6), the function f M is bounded below. Thus it suffices to show that f M is bounded above. We first assume that q = n. By
Now let 0 ≤ q < n, and consider the following exact sequences of K[x]-modules which we observed in the proof of Theorem 2.1.
where
for some number c, and by (9) we have
Since reg Im ψ n−q+1 is bounded above, to complete our prove, it sufficient to show that reg Ker ψ n−q is bounded above. To do so, from the short exact sequence 
The finite length dimension of M is defined as 
Thus we observe that f (M) ≤ g(M). Now we assume that

Cohen-Macaulay modules which are relative Cohen-Macaulay
Let (R, m) be a Noetherian local ring, and M a R-module. Then
and equality holds if M is Cohen-Macaulay (see [5, Theorem 2.1.2]). So for a Cohen-Macaulay module the grade an arbitrary ideal is given by its codimension. Now we are going to give a very explicit criteria for all finitely generated bigraded Cohen-Macaulay modules which are relative Cohen-Macaulay with respect to one of the irrelevant bigraded ideals P and Q. In fact, not all Cohen-Macaulay S-modules are relative Cohen-Macaulay. Obvious examples are hypersurface rings which are Cohen-Macaulay but have two nonvanishing local cohomology.
In the sequel, the graded version of (10) will be considered. (3) we have grade(P, M) = cd(P, M) = dim M/QM and cd(Q, M) = dim M/P M. By using these facts and again (10) we have
Thus we conclude that M is relative Cohen-Macaulay with respect to Q and that
is proved the same way, and (c) ⇒ (a), (b) is clear.
Corollary 3.2. Let M be a finitely generated bigraded Cohen-Macaulay S-module.
Then, M is relative Cohen-Macaulay with respect to P or Q if and only if
Proof. The assertion follows from Proposition 3.1 and (10).
In [7] for a given bigraded S-module M we define the bigraded Matlis-dual of M to be M ∨ where the (i, j)th bigraded component of M ∨ is given by Hom K (M (−i,−j) , K). There exists a convergent spectral sequence
of bigraded S-modules where m is the number of variables of P and m = P + Q is the unique graded maximal ideal of S. The above spectral sequence degenerates when M is Cohen-Macaulay and one obtains for all k the following isomorphisms of bigraded S-modules
where 
Proof. By Proposition 3.1 and (11) we have
Since M is Cohen-Macaulay, it follows that H s m (M) ∨ is also Cohen-Macaulay with the same dimension as M. Using this fact and the first part together with Proposition 3.1 we have
as desired.
In the following we are going to give some examples which show that Proposition 3.1 can fail if M is not Cohen-Macaulay. We first prove the following lemma. Proof. In order to prove (a) we first observe that R ∼ = K[x, y]/(I, J). We consider the following isomorphisms of S-modules
. Now the assertion follows from this observation. Part (b) is proved the same way.
As a special case of Lemma 3.4 we have the following example.
Example 3.5. We consider the following standard bigraded ring
.
One has depth R = 2 and dim R = 3, and so R is not Cohen-Macaulay. We set
Since R 1 is Cohen-Macaualy of dimension 2, Lemma 3.4 yields that R is relative Cohen-Macaulay with respect to Q of relative dimension 2. On the other hand, Ass(I) = {(x 1 ), (x 1 , x 2 )} where I = (x 2 1 , x 1 x 2 ). Thus [5, Proposition 9.1.4(a)] yields grade(P, R) = 0. One has cd(P, R) = dim R/QR = 1. So R is not relative Cohen-Macaulay with respect to P . Example 3.6. We consider the following standard bigraded ring
. We observe that depth R = 0 and dim R = m, and so R is not Cohen-Macaulay. We see that grade(Q, R) ≤ grade(m, R) = depth R = 0, and so grade(Q, R) = 0. One has cd(Q, R) = dim R/P R = 0. Thus R is relative Cohen-Macaulay with respect to Q. On the other hand, grade(P, R) ≤ depth R = 0, and so grade(P, R) = 0. One has cd(P, R) = dim R/QR = m. Thus R is not relative Cohen-Macaulay with respect to P .
4.
Relative Cohen-Macaulay with respect to P and Q must be Cohen-Macaulay
Let M be a relative Cohen-Macaulay module with respect to Q. By using (3) and (10) we have rdim(Q, M) + cd(P, M) ≤ dim M. Our main result is to prove that equality holds in general. We shall need to use the following bigraded version of prime avoidance theorem. Proof. By our assumptions we have
Let {p 1 , . . . , p r } be the minimal prime ideals of Supp(M/P M). We claim that Q ⊆ p i for i = 1, . . . , r. Assume that Q ⊆ p i for some i. 
and so cd(Q, M/zM) = cd(Q, M) − 1, as required.
As main result of this section we prove the following Theorem 4.3. Let M be a finitely generated bigraded S-module which is relative Cohen-Macaulay with respect to Q and |K| = ∞. Then we have
If in addition M is relative Cohen-Macaulay with respect to P . Then we have
Proof. We prove the statement by induction on rdim(Q, M). Assume that rdim(Q, M) = 0. We consider the following spectral sequence
, where m = P + Q. As H j Q (M) = 0 for j = 0, then the above spectral sequence degenerates and one obtains for all i the following isomorphism of bigraded S-modules,
We also have that cd(P, M) ≤ dim M. Therefore cd(P, M) = dim M. Now suppose that rdim(Q, M) > 0, and our desired equality has been proved for all finitely generated bigraded S-module N such that rdim(Q, N) < rdim(Q, M). We want to proof it for M. Since rdim(Q, M) > 0, by Lemma 4.2 there exists a bihomogeneous M-regular element z ∈ Q such that M/zM is relative Cohen-Macaulay with respect to Q with rdim(Q, M/zM) = rdim(Q, M) − 1. Thus the induction hypothesis implies that
Since z ∈ Q, it follows that
We also have dim M/zM = dim M −1. Therefore the desired equality follows.
In Proposition 3.1 we have shown that if M is a Cohen-Macaulay module which is relative Cohen-Macaulay with respect to Q, then M is relative Cohen-Macaulay with respect to P . Now we are going to show that if M be any finitely generated bigraded S-module which is relative Cohen-Macaulay with respect to both P and Q, then M must be Cohen-Macaulay. Proof. We prove the corollary by induction on rdim(Q, M). We first assume that rdim(Q, M) = 0. Theorem 4.3 implies that rdim(P, M) = dim M. Hence dim M = grade(P, M) ≤ grade(m, M) = depth M and so M is Cohen-Macaulay. Now we assume that rdim(Q, M) > 0 and the desired result has been proved for all finitely generated bigraded S-module N such that rdim(Q, N) < rdim(Q, M). We want to proof it for M. As rdim(Q, M) > 0, by Lemma 4.2 there exists a bihomogenous M-regular element z ∈ Q such that M/zM is relative Cohen-Macaulay with respect to Q with rdim(Q, M/zM) = rdim(Q, M) − 1. Applying our induction hypothesis implies that M/zM is Cohen-Macaulay, and so M is Cohen-Macaulay, as desired. The desired isomorphism follows from (12) and (13). 
